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Kohn-Sham equation

(~57 + oucs(r) ) () = et

VKS(Tr) = vn(r) + vn(r) + vxe(r)
Potential due to nuclei T Exchange-correlation
potential

Potential due to electron repulsuion,
or simply Hartree potential




Mapping onto a linear algebra problem

(_%vz oncs(r) ) () = ()
Ui (r ZC G11) PG +k(T)

Basis functions

Hamiltonian matrix elements Overlap matrix elements

HGG’ — <@G+k\ﬁ\¢(}’+k> SéGf — <¢G+k|¢>G’+k>

Linear generalized eigenvalue problem

He =¢Sec




Mapping onto a linear algebra problem

(_%vz oncs(r) ) () = ()
Ui (r ZC G11) PG +k(T)

Basis functions

Hamiltonian matrix elements Overlap matrix elements

HGG’ — <@G+k\ﬁ\¢(}’+k> SéGf — <¢G+k|¢G’+k>

Linear generalized eigenvalue problem

He =¢Sec

But the potential depends on the electron density,
which depends on the wavefunctions...




Workflow
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Core wavefunctions
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I Basis functions |
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(L)APW basis

* LAPW stands for (linearized)
augmented plane waves.

®* We have some a priori

knowledge what to expect INTERSTITIAL
. REGION

from wavefunctions close to

nuclei and far away from them.  wr = muffin tin,

augmentation spheres

e Close to nucleus — atom-like WFs. Use
“atomic orbitals”!

* Away from nucleus — smooth, slowly varying
WFs. Use plane waves!




APW basis

Zlm AG_H{ (Ta E)lem(e, QC’), itre MT
62((‘:}—#1{)1‘:1

N

PG4k (r) =

NZe) otherwise
L VQ

MT Interstitial

INTERSTITIAL
REGION

MT = Muffin tin,
augmentation spheres




Kohn-Sham equation

(~57 + oucs(r) ) () = et

¢ If the potential is spherically symmetric, we
could solve just the radial equation

{ Lo (a) D ks ()] wlr) = ew ()

—_— (r‘ —_—
2r2 Or or 272




Example: Helium atom

® 1s state can be solved for using just the radial
equation

Lo (,0), l(l+1) -
{ 212 dr (r 87“) g Tus(n)ulr) = culr)

He 1s state

5

wavefunction
N w B

o
|

o
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Example: Helium atom with APW

Y(r) = Caoal(r)
G




Example: Helium atom with APW

o) = {ZG 3 CGAE ui(r: )i (0,), i 7 € MT

wavefunction
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N
] | |

W
T T

=
T ]

o
T

% > e Ca e!GT otherwise
He 1s stat : .
S l ® 1s state is spherically
ﬂ MT 1 symmetric, and only the [=0
| component should be non-
ug (7. €) | Zero.

combination of
plane waves

But how do we know the energy in advance?




Which energy would you take?

¢ (r) = < Zlm AGH{ (156)Yim (0, ), iftreMT
o \ﬁ z(GJrk)r? otherwise
( SN 7

The energy parameter should
match eigenenergies of a studied
system.

E [Ha]

The original APW method finds
the energy parameters
automatically by considering
energy-dependent Hamiltonian.
It is too complicated!




What if we just guess the energy?

[=0 augmentatlon

5
e = —0.90 H a — Lppr()}ﬂm ate |

4 e = —0.57... Ha — exact
o 41
L |
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[.Inearization

* Problem: we know how to compute u(r,€),
but we do not know which specific € to take.

® A step towards solution: linearize u.
ur(r, €) = wi(r,er) + (e — e)tu(r, 1) + O((e — &1)°)

/

Still depends on energy, but now we
know the direction for the improvement




[LAPW basis

Z;m AG+kUz (r;er) BG+k (7 8;)] Yim(0,p), ifre MT

PG+k(r) = { z(G+k)r\ / otherwise

Smoothness condition

MT Interstitial




Example: Helium atom with LAPW

w(r) _ ZG Zlm CG [AlmUl(T 6) —+ B ul(r 6)} }/lm(g, 99), if r € MT
\/ﬁ ZG Ca BZGP’ otherwise

; APW augmentation LAPW augmentation
| I 5

e = —0.50 Ha — approximate _ e = —0.50 Ha — d])plOXlnldte
e = —0.57... Ha — exact e = —0.57... Ha — exact
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Features of LAPW

* Improves upon APW with frozen energy
parameters.

® Preserves the number of basis functions
compared to APW.

e [s limited to description of valence electrons,
since there can be only one energy parameter
per I. Core states are treated differently than

valence states.




APW+lo basis

e APW

Zlm AG_H( (T gl)Yim(Qg CP), if re MT

ﬁe (G+k) : otherwise
\

PG+k(r) =

¢ .ocal orbital
¢u(r) = layui(ryer) + b0 (15€0) | Yim (£) 011, 00,

N/

Local orbital is normalized and turns
to zero on the augmentation sphere

Size of the basis and Hamiltonian is defined by the number
of plane-waves and local orbitals.




Linearization, quadratization etc.

u(r,e) = w(r, sl) + (€ — g7)uy (r, ;:l)—l—
(e— €z) iy (r, &) (e—g‘z) Uy, e) + - - -
°* APW

Zlm AG+k (T: EZ)YEm(Q; CP)j if re MT
Pee(r) = ) TG o

NG e’ : otherwise

e ].ocal orbitals
¢u(r) = :auul("“5 1) + bui’ll(TE gl):Ylm(f)(Sll,(J, 5mm,u,
Gu(r) = lavwi(rser) + bytis(r; €0)]Yim (£) 011, 0rim,
Pe(r) = lagui(rier) + be wi(r; €0)|Yim (T) 01, 0mm.




Example: diamond

Diamond: band dispersion

e Consider I=1 1.5 %
9, = 0.15 O\V\<
1 —/<\ \f
method Etot, Ha E kx / i
APW -75.576230 > 0.5 ]
LAPW -75.590045 3
i 7 ~L~
APW+lo -75.590101 0 % —
APW+2lo -75.590103 \
APW+3lo -75.590103 05
WL r X W K

N
N
N

ergkmax=8 ﬁsl]z [Zﬁ]_T
/

Core electrons are considered separately using the 4-component Dirac equation




Example: diamond

eConsider I=1 |
cop = 0.15 Radial degrees of freedom for I=1
method Etot, Ha
APW -75.576230 u(r, €2p) APW
LAPW -75.590045
APW+lo -75.590101 arui(r, €2p) + b1t (1, €2p) APW-+Io
APW+2lo | -75.590103
APW+3lo | -75.590103 agu (7, €2p) + batiy (1, £2p)
APW+2lo
_ asuy(r,eap) + b3 Uy (r,e2p)
*rgkmax=38 APW+3l0

Core electrons are considered



-

SPECIES Radial degrees of freedom for I=1

U1 (’I“, Egp) APW

a,lul(?", €2p) + bruy ("“a 5210) APW+lo

asu (T, €2p) + batiy (1, €2p)
! " APW+2lo

CL3’LL1(7°, €2p) —+ b3 '11'1(7’, 82p)
APW+3lo

<custom 1="1" type="apw" trialEnergy="0.1500" searchE="false"/>
<lo 1="1">
<wf matchingOrder="0" trialEnergy="0.15" searchE="false"/>
<wf matchingOrder="1" trialEnergy="0.15" searchE="false"/>
</lo>
<lo 1="1">
<wf matchingOrder="0" trialEnergy="0.15" searchE="false"/>
<wf matchingOrder="2" trialEnergy="0.15" searchE="false"/>
</lo>
<lo 1="1">
<wf matchingOrder="0" trialEnergy="0.15" searchE="false"/>
<wf matchingOrder="3" trialEnergy="0.15" searchE="false"/>
</lo>




Semicore states

o uy(r;e1), % (r;€1), - - - have nodal structures
that are not compatible with the semicore. We
need a basis function that recovers the correct
nodal structure.

® A choice that brings you to the “APW level”:
Ou(r) = layui(r;er) + buui(r; 7)) Yim (f')(sll;_;,. Omm,,
® Use expansion in series to go beyond it!

Gu(r) = lagui(rie]) + butu(r;e)) | Yim (£)01, 0mm,,
oo (r) = layui(r;er) + byt (r; €)) | Yim ()01, 0rm,

-

de(r) = [aguy(r;ey) 4 be Wy (r;€7)Yim (£)011, 0o




Example: diamond

¢ Consider =0 with 1s and 2s both considered
as valence electrons

Diamond: band dispersion

618 — _9.20 1.5
‘\/
c9s = 0.15 =N
= N\~
<N
method Etot, Ha i oS /
APW -29.678023 S 05 |- N
(D]

LAPW -29.745748 s 7 ]
APW-+lo -75.526692 0 R N
APW+2lo -75.589507 \

05
APW+3lo -75.590142 W W K
APW+4lo -75.590143

|_ﬁ2 2S ZTZ%‘

ergkmax=8




Example: diamond
4

*Consider =0 wif  Ragial degrees of freedom for 1=0
as valence electror
E].S — 9 . 20
828 — 0.15 ’U,()(T,528) APW
method Etot, Ha a1UQ (?“, 623) + biug (T, 613)
APW -29.678023 APW+lo
LAPW -29.745743 azuo(T, 613) + b2”do(7“, 518)
APW+lo -75.526692 APW+2]o
APW+2lo -75.589507 .
asuo (T, €25) + bstig(r, £25)
APW+3lo -75.590142 APW+3lo
APW+4lo -75.590143
aquo (T, €15) + batio(r, €15)
APW+4lo

ergkmax=8



Features of APW+lo

* Improves upon APW with frozen energy
parameters.

& increases the number of basis
functions compared to APW.

¢ Can describe valence states, semicore states
and even core states. But normally core states
are treated differently than valence states.

® Can be easily adjusted to yield any accuracy
you like.




What about plane waves?

® Accuracy of the plane-wave part of the basis is
controlled by their cut-off. However, the
required cut-off strongly depends on the size of
muffin tins. Hence the LAPW community uses
RymtGmax  as the dimensionless cut-off
parameter.

o Larger is FinirGmax, more accurate is your
calculation. But do not abuse it! By the value of
~12 you get ~1 pHa at a high expense. Beyond
it, the basis becomes almost linearly dependent.




Example: diamond

log|AE(Ry)|

A. Gulans et al., J. Phys.: Condens. Matter 26, 363202 (2014)




Summary

* “FP-LAPW?” refers to a whole family of
methods and APW+lo is among them.

* “FP-LAPW?” is the gold-standard method for
DFT calculations of solids.

* Local orbitals can be used for implementing a
simple and efficient strategy how to arrive at the
essentially exact solutions of the Kohn-Sham
equation.
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